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Introduction
Consider the standard five-point finite difference method for solving the Poisson equation with the Dirichlet boundary condition. Its associated matrix is a typical ill-conditioned matrix whose condition number is of size ( ) 2 
O h −
, where h is the grid size. In mitigating the large size, Dupont, Kendall and Rachfold [1] propose a G. Yoon, C. Min 76 preconditioning technique which works quite well for elliptic problems with ( ) 1 
O h
− convergence rate, which is a simple modification of incomplete LU (ILU) and called the modified ILU (MILU) preconditioning technique. The MILU requires all the same row sums for the preconditioner and the original matrices. Also, Gustafsson [2] [3] shows that the MILU preconditiong reduces the size to ( )
, while other popular preconditionings such as ILU and symmetric Gauss-Seidel (SGS) do not improve the order. Numerical study by Greenbaum and Rodrigue [4] indicates that further reduction is not possible with the same sparsity pattern.
The MILU preconditioing introduced by Axelsson [5] and developed by Gustafsson [2] adds some artificial diagonal perturbation on the orginal matrix. In [1] and [2] , it is found that a small positive perturbation improves the convergence rate quite well for many elliptic problems. We refer to [6] - [9] and references therein for more results and details.
The numerical experiments [10] with Dirichlet boundary condition, however, suggest that the perturbation is unnecessary. It is Gustafsson's conjecture [2] [11] to prove the estimate ( )
for the unperturbed MILU preconditioing. Beauwens [12] considers a general setting that includes the five-point method, and proves the conjecture using the matrix-graph connectivity properties (see also [13] ). Beauwens' proof deals with a Stieltjes matrix under several assumptions. Notay [14] also obtains an upper bound ( )
for the block MILU with the line partitioning. We also refer the reader to [15] - [18] for related works on Gustafsson's conjecture.
We introduce a novel and heuristic proof for the conjecture in case of Poisson equation with Dirichlet boundary condition on rectangular domains. The MILU preconditioner is obtained from recursively calculating the row-sum equation at each grid node in the lexicographical ordering. In the case of the five-point method, it is well known [19] that the same matrix can be obtained in the Cuthill-Mckee ordering. The matrix entry on the
ih jh node depends only on ( ) ( )
nodes, both of which lie on the same level 1 n i j = + − of the Cuthill-Mckee ordering. So we can simplify the recursive equation in two dimensional grid nodes into a recursive one in the level that is one dimensional. Due to the simplification, our proof is easy to follow and very short. 
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+ , where the diagonal matrix E is obtained recursively as follows. . The following analysis is a standard approach, for the details see [2] . Since 
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, . Using the inequality ( ) 
